GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH

MATHEMATICS & DECISION SCIENCES

| Volume 12 Issue 2 Version 1.0 February 2012

Type : Double Blind Peer Reviewed International Research Journal
Publisher: Global Journals Inc. (USA)

Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Global Dynamics of Classical Solutions to a Model of Mixing

Flow
By Kun Zhao

Absiract - We study the long-time dynamics of classical solutions to an initial-boundary value
problem for modeling equations of a two-component mixture. Time asymptotically, it is shown
that classical solutions converge exponentially to constant equilibrium states as time goes to
infinity for large initial data, due to diffusion and boundary effects.

Keywords and phrases : Mixing Flow, Classical Solution, Large-Time Asymptotic Behavior.

2000 Mathematics Subject Classication : 35035, 35865, 35840

GLOBAL DYNAMICS OF CLASSICAL SOLUTIONS TO A MODEL OF MIXING FLOW

Strictly as per the compliance and regulations of :

© 2012 . Kun Zhao.This is a research/review paper, distributed under the terms of the Creative Commons Attribution-
Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial use,
distribution, and reproduction in any medium, provided the original work is properly cited.



"

Notes

s

& & L

Global Dynamics of Classical Solutions to
a Model of Mixing Flow

Print Journal

Kun Zhao

Absitract - We study the long-time dynamics of classical solutions to an initial-boundary value problem for modeling
equations of a two-component mixture. Time asymptotically, it is shown that classical solutions converge
exponentially to constant equilibrium states as time goes to infinity for large initial data, due to diffusion and
boundary effects.

Keywords and phrases : Mixing Flow, Classical Solution, Large-Time Asymptotic Behavior.

. INTRODUCTION

As one of the core questions in mathematical fluid dynamics, the large-time asymptotic
behavior of solutions to Cauchy problem or initial-boundary value problems for model-
ing equations is of central interest to researchers. Not only is the question physically
important, it is also mathematically challenging. Positive answer to this question will
undoubtedly benefit mathematicians, physicists and engineers. As is well known, the
Navier-Stokes equations (NSE) have been one of the most important modeling systems
in mathematical fluid dynamics for more than one hundred years. The comprehension of
quantitative and qualitative behavior of the NSE plays an important role in understanding
core problems in fluid mechanics, such as the onset of turbulence.

In this paper, we consider the following system of equations:
((pU):+V - (pU@U) + VP =V - (uVU = Mp[(VU) + (VU)'] + V(ApU)) +
MF) - V(V-(Apl)) + pf,
pr+ V- (pU) = \Ap,

V.U =0,
\

which describes the motion of an incompressible two-component mixture under the in-
fluence of external forces, with a diffusive mass exchange among the medium particles
of various density accounted for [2|. Here, p is the density of the mixture, U = (u,v) is
the mean velocity, the constants ¢ > 0 and A > 0 model viscous dissipation and mass
exchange, respectively, and f stands for external forces. For classical solutions, using the

second and third equations, (MF) can be simplified to
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p(Up + U -VU) + VP = \(Vp-VU +U -V(Vp)) + pAU + pf,
(1.1) p+U-Vp=AAp,
V.U =0.

System (1.1) generalizes the standard density-dependent incompressible Navier-Stokes
equations for non-homogeneous fluid flows:

p(U,+U-VU)+VP = uAU + pf,
(NS) pi+U-Vp=0,
V.U =0,

which are important in applied fields of fluid dynamics such as oceanology and hydrology,
and have been well-studied. We refer the reader to [2, 5, 6,7, 8,9, 10, 11, 12, 13, 14, 15] and
references therein for details. It should be pointed out that a characteristic mathematical
feature of (1.1) is its non-diagonality in its main part, which significantly distinguishes
itself from (NS).

In real world, flows often move in bounded domains with constraints from boundaries,
where initial-boundary value problems appear. Solutions to initial-boundary value prob-
lems usually exhibit different behaviors and much richer phenomena comparing with the
Cauchy problem. In this paper, we consider (1.1) on a bounded domain in R? and the
system is supplemented by the following initial and boundary conditions:

{ (U’ p)(X,O) = (U(),po)(X), m S pO(X) S M;

(1.2)
Ulao =0, Vp-nlsq =0,

where Q0 C R? is a bounded domain with smooth boundary 9, n is the unit outward
normal to 92 and m, M are positive constants.

It is well-known that classical solutions to (1.1)—(1.2) exist globally (locally resp.) in
time in 2D (3D resp.) (c.f. [2]). However, to the best of the author’s knowledge, the
large-time asymptotic behavior of the solutions is not well-understood in the literature.
In particular, the dynamics of the higher order modes of the solutions is not known. The
purpose of this paper is to show that, under certain conditions on the external forcing
term f, the constant equilibrium state (p,0) is a global attractor of (1.1)—(1.2), for large
initial data. Additionally, it is shown that the total Sobolev norm of the perturbation
(p — p,U — 0) up to the highest oder of derivatives converges exponentially in time due
to the boundary effects. Here, p is the spatial average of p over €2, which is a constant
due to the conservation of total mass. The proof requires intensive applications of classi-
cal inequalities (Sobolev, Gagliardo-Nirenberg type) and tremendous amount of accurate
energy estimates.

Throughout this paper, || - ||ze, || - ||z~ and || - ||ws» denote the norms of the usual
Lebesgue measurable function spaces LP (1 < p < 00), L™ and the usual Sobolev space
WP respectively. For p = 2, we denote the norm || - ||z2 by || - || and || - ||w=2 by || - ||a=-
For simplicity, we will use the following notation: ||(f1, f2, ..., fm)|lx = >oiey I fill x. The
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function spaces under consideration are C'(]0,T]; H3(Q)) and L*([0,T); H4(S2)), equipped
with norms supy<,< || (-, )| s and ( fOT 1U(-, 1) 4dt) , respectively. Unless specified,

¢; will denote generic constants which are independent of p, U and ¢, but may depend on
QA p, M,m, py and Uj.

Our main results are summarized in the following theorem.
Theorem 1.1. Let Q C R? be a bounded domain with smooth boundary and suppose
that the constant p; = 2u — N(M — m) > 0. Suppose that the external force f 18
a potential flow, i.e., f = Vé for some scalar function ¢ : Q x [0,00) — R. Fur-
thermore, suppose that there exists a constant Fy > 0 independent of t > 0 such that

Hf“c g:HY Q) T ”fHL?(Ot () T HftHo oaiz2yy < F1 forany t > 0. If the initial

data (po(x),Ug(x)) € H3(Q) are compatible with the boundary conditions, then there
exists a unique solution (p,U) to (1.1)-(1.2) globally in time such that (p,U)(x,t) €
C([0,T); H3(2)) n L*([0,T); HY(Y)) for any T > 0. Moreover, there exist positive con-
stants «, B and v independent of t such that the solution satisfies

t
(o= U Zae ™, and [ (o= pU)CPdr <7, Y £2 0
0
m < p(x,t) <M, Vt>0, x €,
where m and M are given in (1.2).

Remark 1.1. The external forcing term f includes important applications such as f =
ey, = (0,1)T, which stands for the effect of gravitational force. Physically speaking, the re-
sults indicate that, when the viscous dissipation dominates the mass exchange rate, as time

goes on, the velocity of the flow will slow down and the mizture tends to be homogeneous.

Remark 1.2. The condition on the diffusion coefficients and the upper-lower bounds of the
density can be roughly understood by looking at the stress tensor in the momentum equation

in (MF), where competition between viscous dissipation and mass exchange occurs.

Remark 1.3. One can generalize the results by manipulating on various boundary con-
ditions for p and U. For erxample, one can work on the Dirichlet boundary condition
ploa = p, for some constant m < p < M. In this case, the lower and upper bounds of p
are direct consequences of maximum principle for parabolic equations, and the equilibrium
state of p is p. On the other hand, the results may also be generalized to the Navier type
slip boundary condition U - nlgq = 0, w|sq = 0, where w is the 2D wvorticity. Since the
underlying analysis is in the similar fashion, we shall not go through the details in this
paper.

The main difficulties of the proof of Theorem 1.1 come from the estimation of the higher
order derivatives of the solution, due to the coupling between the velocity and density
equations by convection, diffusion, external force and boundary effects. With the density
function and the additional nonlinear terms Vp - VU and U - V(Vp) standing in the
velocity equation, the decay of the higher order derivatives of U is an substantial barrier

to overcome. Great efforts have been made to simplify the proof. Current proof involves
intensive applications of fundamental inequalities, together with exhaustive combinations
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of energy inequalities. The results on Stokes equation by Temam [17], see lemma 2.1, are
important in our energy framework. Roughly speaking, because of the lack of the spatial
derivatives of the solution at the boundary, our energy framework proceeds as follows:
We first apply the standard energy estimate on the solution and the temporal derivatives
of the solution. We then apply Temam’s results on Stokes equation to recover the spatial
derivatives. Such a process will be repeated up to the third order, and then the carefully
coupled estimates will be composed into a desired one leading to global regularity and
exponential decay of the solution. The condition f = V¢ is crucial in our analysis due
to the fact that, by combining pV¢ with V P, the density perturbation on the right hand
side of the velocity equation will be dominated by the diffusion in the density equation,
by virtue of Poincaré inequality. This enables us to combine various energy estimates
which eventually lead to the exponential decay of the solution. The result suggests that
the diffusions are strong enough to compensate the effects of external force and nonlinear
convection in order to prevent the development of singularity of the system and to force
the solution to converge to the equilibrium state.

The rest of this paper is organized as follows. In Section 2, we give some basic facts
that will be used in this paper. We then prove Theorem 1.1 in Section 3.

[1. PRELIMINARIES

In this section, we will list several facts which will be used in the proof of Theorem 1.1.
First we recall some useful results from [17].
Lemma 2.1. Let Q be any open bounded domain in R?* with smooth boundary 0. Con-
sider the Stokes problem
— AU + VP =F in Q)
V-U=0 in Q,
U=0 on 0.

IfF e W™? then U € W™t2P P € W™LP and there exists a constant c¢; = c1(p, m, p, )
such that
Uy sz + 1P Fymsre < el F Il

for any p € (1,00) and the integer m > —1.

The next lemma will be used in the estimation of higher order spatial derivatives of p
(c.f. [3]).
Lemma 2.2. Let Q C R? be any open bounded domain with smooth boundary 052, and let
G € W*P(Q) be a vector-valued function satisfying V x G =0 and G - n|pg = 0, where n

is the unit outward normal to 02. Then there exists a constant co = co(s,p, Q) such that

IGIer < c2(IV - Glliyers + [GIIZr)

for any s > 1 and p € (1,00).
As a consequence of Poincaré inequality and Lemma 2.2 we have

Lemma 2.3. Let Q C R? be any open bounded domain with smooth boundary 0X). For
any function H*(Q) > f : Q — R satisfying Vf -nl|pqg =0, let f = ﬁ Jq, fdx, where the
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[2] S.N. Antontsev, A.V. Kazhikhov and V.N. Monakhov, Boundary value problems in mechanics of

nonhomogeneous fluids. North-Holland, 1990.

integer s > 2. Then there exists a constant c3 = c3(€2, s) such that
1f = /1

We also need the following Sobolev and Ladyzhenskaya type inequalities which are
well-known and standard (c.f. [1, 4, 16]).

ire < csll Al

Lemma 2.4. Let Q C R? be any open bounded domain with smooth boundary 02. Then
the following embeddings and inequalities hold:

@) 1% < el fll7m, V1 <p<oo;

(i) e < csllFIrn, V2 <p < oo;

(i) [f11Zs < cll FIIV AN V¥ f € Hy(Q):
(@) If1Zs < er (LA AN+ A7), V¥ f € HY(Q),

for some constants ¢; = ¢;(p, ), i =4,...,7.

[11. LARGE-TIME BEHAVIOR

In this section we prove Theorem 1.1. Since the global existence has been established
in [2], we only show the large-time behavior of the solution. The proof is based on several
steps of careful energy estimates which are stated as a sequence of lemmas. First of all,
the L* estimate of p is a direct consequence of the maximum principle:

Lemma 3.1. Under the assumptions of Theorem 1.1, it holds that
m<p(x,t) <M, YVt>0, x€Q.

a) Reformulation

In order to perform the asymptotic analysis, we first reformulate the original problem
(1.1)-(1.2) to get a new one for the perturbation (p — p,U). Letting § = p — p and
@ = P — p¢ we have

p(U +U -VU) +VQ = \(VO-VU + U -V(V8)) + pAU + f8,
0, + U -V = \AG, (3.1)
V-U=0.

The initial and boundary conditions turn out to be

{ (U> 9)(X’ O) - (U0> 90)(X) = (UO>pO - ﬁ)(x)7

(3.2)
U‘ag = 0, YR Il‘ag = 0.

b) Decayof ||(U,0)]]

Lemma 3.2. Under the assumptions of Theorem 1.1, there exist positive constants aq, 1

and 1 independent of t such that for any t > 0 it holds that

t
|C.OCHI? < are™, and / |.6)¢.7) B <.
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Proof. The lemma is proved through careful exploration of the structure of the system.

First of all, by taking L? inner product of (3.1); with U we have

/Qp(HgQ) dx—ir/Q U- V<| ‘2)dx+u/Q]VU|2dx
:)\/QVG'V<$)CZ><+)\/Q(U'V(VG))~de+/QGfde.

After integration by parts and using the incompressibility condition we have
1d
2dt Jq

A .
= — 5/A6\U|2dx—|—)\/ (U-V(V@)) -de—i—/9f~de.
Q Q Q

1 1
p|U|2dx—§/6t|U|2dx—§/V-(0U)]U|2dx+u/ VU dx
Q Q Q

Using (3.1)2 we simplify the above equation as

1d -
ST ,0|U| dx—i—u/ VU Pdx = A /[U-V(ve)} -de+/0f-de. (3.3)
Q Q

For the first term on the RHS of (3.3), by direct calculations we have
[U-V(VO)]-U=V-[UU-VO) — (U -VU)| +0(u3 + 2uyv, +v).  (34)

Therefore, integrating (3.4) over € using the boundary condition we get
/Q [U-V(V)] - Udx = /Q 0(u2 4 2uyv, + v7)dx. (3.5)
Using (3.5) we update (3.3) as
thH\/_UHQ + pl|VU|)? = /\/ O(u2 + 2u,v, + Ui)dx%—/ﬂﬁf- Udx. (3.6)
Since V - U = 0, we have
u +2uyv, + v, =V - (U-VU)=U-V(V-U)=V-(U-VU),

which implies that
/Q(ui + 2uyv, +v))dx = 0.

Since p is a constant, it follows from (3.6) and the above identity that

M+ m

)(ui + 2uyv, + v2)dx + / Of - Udx. (3.7)
0

pU||* + p||VU|? = /p—
33V + vl = [ (

Using Lemma 3.1 we estimate the RHS of (3.7) as follows:
M —'I_ —
‘)\/(p— 2m)(ui+2uyvm+v§)dx+/9f-de
Q Q

M —

<A

™ SU|? +/ 07 - Uldx.
Q

© 2012 Global Journals Inc. (US)
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We remark that the coefficient of ||VU]|? on the RHS of the above estimate is optimal.
So we update (3.7) as

d -
GIVAUIE +mI VUL <2 [ 10F - Ulax (3.5)

where p1y = 2 — MM —m) > 0. Using Cauchy-Schwarz and Poincaré inequalities we
estimate the RHS of (3.8) as:

2 [ 167 Uldx < S22 U+ 22 o)
Q Co M1
B o (3.9)
1 0 7
< B IVUIR + 22 fol
K1
Since ”ﬂ%([o,t];Hl(Q)) < Fi, by Lemma 2.4 (i) we have
Co | 79112 Co | 72 2
— | O < — 0
S 71 < S Aol
2
CoCyq | 712 2
< —= 10154 3.10
2 £ 1017 (3.10)
2
0004F1 2
< 1 Vol~.
< (14 ) VO

Let cg = coci Fi(1 4 ¢o)/(2p11). Combining (3.8)—(3.10) we have
d 2, M1 2 2
5 IVPU I+ S IVUIF < e[ VO (3.11)

The RHS of (3.11) will be compensated by the diffusion in the temperature equation.
Taking L? inner product of (3.1), with € we have

d
aueuumuvew = 0. (3.12)
Then the operation (3.12) x cg/A + (3.11) yields
d (e 2 2, M1 2
2\ MO1E+UVRUIE ) + el VO + VU < 0. (3.13)

Since p < M, we have
IVPUI? < MIIUI* < coM[VU]*.
It follows from (3.13) that
d (e 2 1112 2
(S0 1aUIR) + 50 (Sl + IvAv) <0, (a0

where

. A
- -z 3.15
o3 mln{co,chM}. ( )

Solving the differential inequality (3.14) we have

C C _
(5o + 1vavIE) < (Sh6ul? + Iatall et @19
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Since p > m, we get from (3.16) that

”<U7 8)(’t)|’2 < ale_ﬁ1t7 Vi > 07 (317>

i = (min {%,m})_l(%w FIVAGIE).  (318)

Next, upon integrating (3.13) in time and dropping the positive term from the LHS we

where

have .
c
/ csl[VO(, 7)1 + ﬂHVU(',T)HQdT < leon +IVeololl*, V>0,
0
which, together with (3.17), yields

[ 10 pdr <, vezo, .19
where

1= G (G100 WA ) (minenn/2) ™. (320

This completes the proof.

Remark 3.1. The idea of the above proof will be appplied to prove the exponential decay
of higher order derivatives of the solution. From (3.15) we see clearly that, the decay rate
f1 tends to zero, as either A or iy = 2u— N(M —m) tends to zero. Furthermore, by (3.18)

we have ooy — 00, as A — 0 or ,u1 — 0. Therefore, as the value of \ either decreases or

approaches the threshold value the decay of the solution will slow down. By direct

M m’
calculation we know that the decay rate reaches its mazimum when A = —2£—.

3M—m
Remark 3.2. In what follows, since tremendous amount of combinations of enerqy es-
timates will be involved when we deal with the decay of higher order derivatives of the
solution, the expressions of the constants appearing in the proofs will become lengthy and
hard to read. Therefore, to simplify the presentation, we shall not specify c;, o, Bi, Vi in

terms of the other time-independent constants.

¢) Decay of ||0|| g

Lemma 3.3. Under the assumptions of Theorem 1.1, there exist positive constants c, (3o
and vy, independent of t such that for any t > 0 it holds that

t
||V9<7t)||2 < a26_52t7 and / ||A0(77—)||2 + ||9t('a7—)|l2d7— < e
0
Proof. Taking L? inner product of (3.1)y with A we have
||V49||2 + M|Ag)? = /(U-V@)Ae dx. (3.21)
Q

2 dt
Using Cauchy-Schwarz and Holder inequalities we estimate the RHS of (3.21) as

1 A
< IU- VoI + Z[1A0)”°

/ (U - VO)Abdx
Q

1
< SOz VOlZ: + —||A9||2

© 2012 Global Journals Inc. (US)
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So we update (3.21) as

2dtIIWII2+ SMIAGI? < S U] V6l (3.22)

Applying Lemma 2.4 (iii) to the RHS of (3.22) we have
1
SNUNLAIVOIZ: < colUNIVTIIVOIID 0N + o llTNIVUNIVO®.  (3:23)

For the first term on the RHS of (3.23), using Lemma 2.3 for || D?6||* and Lemma 3.2 for

|U|I* we have
oo [UIIVUIVOIID?0]] < crol VU VO] [| AG]

, , A ) (3.24)
< || VUV +ZHA0H '

Applying Poincaré inequality to the second term on the RHS of (3.23) we have
ol lUNIVUIIVO* < e VU VO] (3.25)
Combining (3.23)—(3.25) we have
1 A
VI IV6IE < el VU VO + a0 (3.26)
Plugging (3.26) into (3 22) we have

=IO + 21801 < el VU V6P (327)

Gronwall inequality and Lemma 3.2 then yield (by dropping %HAHHQ)
t
VO, 1)]]* < exp {2013/ HVUHQdT}HVHO\F < 2BV |* = c14. (3.28)
0
Plugging (3.28) into (3.27) we have

5 S IVOIZ + 218012 < x| VU (329)

To deal with the RHS of (3.29), we consider the estimate (3.13). The combination
(3.13) x % + (3.29) gives

d

468015
—(Ba() + ——

IIWII2 + c15|VU|? + I|A9||2 <0, (3.30)
where

4c 1
B(0) = 2 (S0P + IVAUIR) + 31901 (3.31)

Using Poincaré inequality one easily checks that there exists a constant 3, > 0 independent
of t such that

dege
BBy (t) < ( Z 2|V + 015HVU|]2) (3.32)
Using (3.32) we update (3.30) as
d A
a(El(t)) + o B (1) + §\|A9Hz <0, (3.33)
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which implies that
Ei(t) <e ™' E1(0), and %/t |AO(-, 7)|]PdT < E(0), Vt>0. (3.34)
0
By (3.31) and (3.34) we see that
V(- 1)[|* < ase ™' and /Ot |AO(-, 7)||PdT < 2E,1(0)/\, Yt>0, (3.35)

where ay = 2E4(0). N
. : : otes
To estimate 6;, we consider (3.1),. Using (3.26) and (3.35) we have
16:17 < 2| U - VOI* + 2[|AA0]*
< 2L IVOIILs + 2X% ]| A0]*

(3.36)
< ex([|A0]° + [IVUIPIIVOI®) + 2X%]| A0]
< e ([|A0]1° + [VU?).
Integrating (3.36) in time over [0,¢] and using Lemma 3.2 and (3.35) we have
t
[ 1o <an, vizo (337)
0

We conclude the proof by combining (3.35) and (3.37).

a) Estimate of ||U||;*
Now we turn to higher order estimates of the solution. The next lemma gives the control
of ||U||z2 by [VU||, ||U]| and estimates of . The proof involves intensive applications of
Sobolev and Ladyzhenskaya type inequalities.

Lemma 3.4. Under the assumptions of Theorem 1.1, for any positive numbers € and ¢,
there exists a constant d(e,6) independent of t and dependent on £ and § such that

U5 < OlIVOL* +ellU52 + diz, ) (IVUIPIO1Z= + IVUI* + 1U* + [1917:)-
Proof. We rewrite the velocity equation (3.1); as the 2D Stokes equation:
—uAU +VP =F,

where

- 5

F=—pUy—pU-VU + AV -VU + AU -V(V0) + f6 = > F,.
i=1
Since Ulsq = 0, it follows from Lemma 2.1 that
5
U5 < 16e0 Y (1E1 (3.38)

=1

Now we estimate the summand on the RHS of (3.38) as follows: Using Lemma 3.1 we
have

IE311* = [lpU)* < MZ|| U, (3.39)

© 2012 Global Journals Inc. (US)



Using Lemma 2.4 (iii), Lemma 3.1 and Lemma 3.3, we have, for any ¢ > 0:

1E2* = [lpU - VU|*
< MP||UNLalIVU I Ls

< cw||UNIVU(IVU I D*U| + [[VU|]?) (3.40)
< o[ VU|P U || g2
C21 4 € 2
< = |IVU||" + —||U]||3.
N < ZVUI + 01

For Fj, it follows from Lemma 3.3 that
1F5]1* = 22| ve - vU|*
< en(IVONID*0] + IVOI*) (IVUTID*UN + [VU)

3.41
< en (1D + IV6]) (ID*U | + VU VU] (341)
C24 115112 2 € 2
< = —_— .
< LI VU + o U
For the estimate of Fj, by Lemma 2.3 and Lemma 2.4 we have
[l = XU - V (Vo) |?
(3.42)

< e |UNIVUID*6I (1 D*6]] + | D*0]1).
To estimate || D?6||, by Lemma 2.2 we have
ID°0]] < v/es]| A0

< eas ([ VO + V(U - VO) | + [[20]) (3.43)

< ex (VO + VU - (VO || + [T V(VO)|| + | Ad]]).
Plugging (3.43) into (3.42) we have

XU - v(vo)|*

(3.44)
<essl|UNIVUIID*O(IV Ol + VU - (VO) || + U - V(VO) + 0] 1z2).

Using Lemma 3.2 and Poincaré inequality we estimate the RHS of (3.44) as follows:
cas[UINIVUNID*0 (VO] + VU - (VO (| + [|U - V (VO[] + [|0]] =)
<ol VU0 = (VO + VU - (VO)T || + U - V(VO)) + caol VU101 72
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< vez+ 2w v + A vu ez + Livo - (veyrpe.
~32¢, 2 20 L

Combining the preceding estimate with (3.44) we have

c31(9)
)

In a similar fashion as deriving (3.41) we have

5
1Fu)1? < ——[IVO])* + IVUPN0]1%2 + |[VU - (V6T (345 m
16C1

VU - (VO < E21VU1210]12 + ——||U |2
VU (VO < U + |1
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which, together with (3.45), yields

C31 (5)
)

1)
IFA < —— V0|2 + —[|U][%: +
4801

€32 2019112
— 0)72. (3.4
< + 22 ) [TUIP ol (40

Finally, using Lemma 2.4 (i) and the condition on f we have
175017 = [1f01° < [IAIZa 10070 < ciFrllOlf- (3.47)
Collecting (3.39)—(3.41) and (3.46)—(3.47) and using (3.38) we complete the proof.

e) Decay of |U|| g1
With the help of Lemma 3.4 we show the decay of ||VU]|| and |||

Lemma 3.5. Under the assumptions of Theorem 1.1, there exist positive constants ag, (33
and 73 independent of t such that for any t > 0 it holds that

t
(VU 0,)(,0)[* < age™™, and / 1(V6,, U) (-, 7)[*dr < 3.
0
Proof. Taking L? inner product of (3.1); with U; we have

d
g%”VUH?jL/p|Ut|2dx:—/p(U-VU)Utdx+
0 Q (3.48)

A/ [ve-VU+U-V(v9)}Utdx+/0f- U, dx.
Q Q

We estimate the RHS of (3.48) as follows: By Cauchy-Schwarz inequality we have

’—/p(U-VU)Utdx+/\/ [V@-VUJrU-V(Vé’)]UthJr/Qf-Utdx
Q Q Q

2 -
<o+ EH (pU - VU +AV8 - VU + \U - V(V8) + [6) . (3.49)
For the second term on the RHS of (3.49), it follows from the proof of Lemma 3.4 that
2 -
~[|(pU - VU + A8 - VU + AU - V(V6) + f6) |
A
<SIVOIP +ellUlGe + css(e) (VU165 + VU + 16117)

where €; > 0 is a constant to be determined. So we update (3.48) as

d m A
LIV + [ plUiPax SZNIE + GIVOIE + 20U e

2dt
- A , (3.50)
+ cs3(e) (IVUIPI011Z= + VU + 161171)-
Letting ¢ = 1/2 and § = 1 in Lemma 3.4 we have
U7 < csa (IVUIPIOIZ + VU + [T + 1017 + [V6:]*). (3.51)

© 2012 Global Journals Inc. (US)



Plugging (3.51) into (3.50) we have

d m A
EZ\vu? + / plUPdx < U* + ZIIVO1? + eresa(|U)? + 1VO,]1?)
2 dt Q 8 8

+ (ess(e1) + caa) (IVU P01 + VU + 1101171)-

Choosing £; = min{m/(8¢s4), A\/(8¢cs4)} and using the fact that p > m we have

d 3m A
Lo|vUl? + U < ZIV07 + ess (IVU 1613 + IVUN* + 0]3:). (3.52)

Notes 2t

Next, by taking the temporal derivative of (3.1)s we have

Taking 7,2 inner product of (3.53) with g; we have
1d
== (161> + A VO, |* = —/(Ut - V0)0,dx. (3.54)
2 dt Q

Using Cauchy-Schwarz inequality we have

' - /Q(Ut - V0)0,dx

1
< ZUIE + —[|(V6)o |

(3.55)

=13 3

1
< IO + —[IVOIZa 16,17
For the RHS of (3.55), by Lemma 2.4 (iii) and Lemma 3.3 we have
1
— [ VOlLall6:IZ < css(IVONIIDON + IVOIP) 6Vl + [16:]1°)
< cxr(|[1D?0] + VO 101V O] + essllOll72 101> (3.56)
A
< ZIVO® + casllOl5 16:]1°.
Combining (3.54)—(3.56) we have
1d 3\ m
5 g 10 + IV < T + +easl16]172 160 (3.57)
Coupling (3.52) and (3.57) we have

d
a(MHVUH2 +[16:01%) +ml| U1 + A V|
3.58
< exo(IVU PO + VU + 1000 + lolelo?) G
< cao (0172 + IVUIP) (1l VU + 116:11%) + caoll 017
Applying Gronwall inequality to (3.58) and using Lemma 3.2 and Lemma 3.3 we have
t
pl[VU|? 4 1|6:]]* < ca1, and / m||Us|]? + M|V, |*dr < cy. (3.59)
0
Plugging the first part of (3.59) into (3.58) we have
d
ZWIVTIP+107) +mllU* + MVOIP < eas (1017 + [VUIF). (3.60)

© 2012 Global Journals Inc. (US)
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To show the exponential decay of ||VU]|| and ||6;]|, we consider the estimate (3.30). By
absorbing the RHS of (3.60) into the LHS of (3.30) we have

%(EQ(t)) + Do (t) <0, (3.61)

for some constant ¢y > 0 independent of ¢, where, by virtue of Poincaré inequality,
Ex(t) Z (U, 0)(, )1 + [16:, )17,
Dy(t) = [|(U, 0) ()7 + 160G, )7 + T ).
Here =2 denotes the equivalence of quantities. Then the lemma follows immediately from
(3.61) and (3.59). This completes the proof.
) Decay of ||0]| 2

Lemma 3.6. Under the assumptions of Theorem 1.1, there exist constants oy, By, 74 > 0
independent of t such that for any t > 0 it holds that

0.0l < se ™, and [ Ut <
Proof. We note that, by Lemma 2.3, Lemma 2.4 and Lemma 3.5 it holds that
10172 < esl|A0]* < cas([16:]* + U - VOI?)
< cas(10:1° + 11U (VOO 22 + 1VOI*))
< car (0P + [V6I7) + 3 161
which implies that
10172 < cas([16:]* + IV0]1%). (3.62)

Then the exponential decay of |2, follows from Lemma 3.3 and Lemma 3.5.
Next, by (3.51) and Lemma 3.5 we have
10Nz < esa(IVUIPIO11Z= + IV U+ 1T + 1017 + [1V6d]?)
< cao (10172 + VU + 10* + [V01%),
which, together with Lemmas 3.2, 3.3 and 3.5, implies that

t
/wmamms%.
0

(3.63)

This completes the proof.

g Decay of ||0|gs and [|U|| g2

Lemma 3.7. Under the assumptions of Theorem 1.1, there exist positive constants as, (35
and s independent of t such that for any t > 0 it holds that

t
UG Oz + (V0 U )] < ase™™, and / (VU A (-, ) [F2dT < 5.
0

Proof. Taking the temporal derivative of (3.1); we have
0. (U +U-VU)+ p(Uy + U - VU + U - VU;) + VP, (3.64)

© 2012 Global Journals Inc. (US)
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=puAU; + )\(Vﬁt VU +VO0-VU,+ U, -V(VO)+ U - V(V@t)) + f6, + f,0.
Taking L? inner product of (3.64) with Uy, after integration by parts, we have
1
GIVAUIE + WV TR + 35 [ (0= U - V)0 fPax = SR [ w0 v viax
2dt — Q

where
Ry = _/(etU -VU) - Udx, Ry = _/(PUt -VU) - Updx;
Notes ¢ .

Ry = A/(V@t VU) - Udx, Ry= A/(Ut - V(V0)) - Updx,
Q

Q

Rs = —A/ V0, - (U - VU,)dx:
Q

Rﬁz)\/ﬁtf-Utdx, R7:/\/0ﬁ-Utdx.
Q Q

Using the boundary condition we have

)\/(VG-VUt)-Utdx: J/A@\Utﬁdx.
Q 2 Q

Moreover, since 6, = AAO — U - VO, we have

9
thH\FUtIIQ+u||VUt||2 > R, (3.65)
where
Ry = /(U-V0)|Ut|2dx, Ry — —/\/A9|Ut|2dx.
Q Q

We estimate R;,7 = 1,...,9 as follows: By Lemma 2.4, Lemma 3.5 and Poincaré inequality

we have
|Ba| < |04l U| 4| VU || L[| Ut | 4

< s |0l VU a2 | U]
< cso||Ol| e | U 2| VU]

C53
< e VU + — (16 + V6. °) U112
Cs4 C53
< e VU + U= + VO IT e,
where £ > 0 is a constant to be determined. Similarly, we have

[Ra| < [lpll o VU | Ul 7
< &5 || U I VU]

C
<e|VU* + EIIUtIIQ-

Using Lemma 3.1 and Lemma 3.5 we have

A A
IRs| < SV + SIVU 303

© 2012 Global Journals Inc.
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>

< SIVON* + e (IVUIIIVEUL + [VUIP) TV Ul

> N

< SIVON* + sl VUNTAMIV U + eso[UN VU
< e VU + ceo(e) (10172 lVRUN* + VO + 1U1%);

N}

and
| Ry < N0 | Ue| 7

< corllll= [N 19| N otes
c
< e[| VU|* + ?H@II%II\/ﬁUtIIQ-
By Sobolev embedding we have

C63
|Rs| < el VU + ?IIUII%OOIIV&II2

C
< el VO + Ul Vo

Since ”ﬁ“%([g,t];m(g)) + Hﬁué([&t];LQ(Q)) < F}, using Poincaré inequality we have
€ Ce5
[Rs| < U + o AT

C
< el|VU* + = 11617,

and - .
67
|Re| < C_OHUtH2 +— Hft“ 10117

C
<e| VU + = H9HH2
The last two terms are treated as
|Rs| < ||U - VO||U]|74
< cool|U 4[| VO L | ULl VU]
< coollO| a2 | Ue|l[[ VU]

Cr1
<el|[VU|* + ?Hellipllx/ﬁUtHz;

and

| Ryl < | AG|[[| T 74

< cnal|0] = | U [ VU]

< elIVUIP + L1813 U,
Plugging above estimates into (3.65) we have

1d

5 7 VAU + il VUP < 95 VUP + K(O)(IlVpU® + IVE*) + Z(1),  (3.66)

where

K(t) = cu(e) (1U72 + 1101%:).
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Z(t) = ers(@) (1U1° + Uz + 10l + 101172)-
Next, taking L? inner product of (3.53) with Ag; we have
1d

2dt||v9t||2+A||A9t||2 = /(Ut-VQJrU-VQt)A@tdx
Q

\ (3.67)
< §||A9t||2 FA(U: - VO + U - VO ?).
The second term on the RHS of (3.67) is estimated as
AU - VO|* 4+ |U - V6,|?)
< cro|| Uz (VO D0 + IVOI1?) + MU |71V 6|
< crr|UNV U101 522 + crsl|U[77211 V6 |

C79
<e| VU + ?IIF)II?{zH\/ﬁUtH2 + ersllU N2V 0.
It follows that

1d A c
57 I VoI + 126" < e VUL[* + gWH?pH\/ﬁUtHz +ersl|U N7 [ VO:*. (3.68)
Combining (3.66) and (3.68) we have
1d

A
5 77 IVPULP + IV0) + plI VU + Sl A0

< 10e|[ VU + K (&) (VAU + IV6?) + Z(2),

(3.69)

where K (t) and Z(t) are equivalent to K (t) and Z(t) respectively. Choosing & = 1/20 in
(3.69) we have

d _ _
@(H\/ﬁUtH2+HV9tH2)+MIIVUt\|2+M\A9t!|2 < 2K () ([IVPUP+[V81*) +2Z(t). (3.70)

By virtue of Lemmas 3.5-3.6 we know that K(t), Z(t) are uniformly integrable in time
for any t > 0. Applying Gronwall inequality to (3.70) we have

¢
1(/pUs, VO) (-, )|)* < cr9, and / (VU A0 (-, 7)|)PdT < cgo, Y E>0.  (3.71)
0
Plugging the first part of (3.71) into (3.70) we have

d
ZVPUP + IVOIF) + sl VU + A[AG]” < e Y (2), (3.72)

where
Y(t) = (U + 11U + 10150 + 10017

By virtue of (3.63), Poincaré inequality and Lemma 2.3 we have
Y(t) < esa(|UN* + IVUIP + [ VO]* + 1| A0]1%). (3.73)

Plugging (3.73) into (3.72) we have

d
ZUVPUIP + [IV0?) + pl VU + MAG < ess| (U, VU, V6, AG)|*. (3.74)
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where

Es(t) = 10,0, U)llzn + U,
Ds(t) = [|(6,0)[I7 + (U, Ul

Then the lemma follows directly from (3.63), (3.71), (3.75) and Lemma 3.6. This com-
pletes the proof.

As a consequence of Lemma 3.7 we have

Lemma 3.8. Under the assumptions of Theorem 1.1, there exist positive constants ag
and s independent of t such that for any t > 0 it holds that

16, )lIFs < ape™".

February 2012

Proof. By virtue of Lemma 2.3 we have
10117 < csllAb]F < ess(|AG]1° + (VO + V(U - VO)|I?)
< ess (12017 + V01> + U1 721101172) -

Then the lemma follows from Lemma 3.6 and Lemma 3.7. This completes the proof.
h) Decay of |U|| s

Lemma 3.9. Under the assumptions of Theorem 1.1, there exist positive constants o, (37
and e independent of t such that for any t > 0 it holds that

t
T¢I < aze™™, and/o (10:C, Dz + 1T 7)) dr < 6.

Proof. Taking L? inner product of (3.64) with Uy we have

d
L IVUIP + /U
:/ [~ piUs — piU - VU — pU, - VU — pU - VU, (3.76)
Q

AN(Vpe - VU +Vp- VU + Uy - V(Vp) + U -V(Vpr)) + e+ fip] - Undx.

Using previously established estimates and Lemma 2.4, we can show that (since there is
no essential difficulties, we omit the details)

Global Journal of Science Frontier Research (F ) Volume XII Issue II Version I

wd 1
5 7 IVUIP + SIVeUl® < esr (VU + 116:0152 + 11612). (3.77)
By absorbing the RHS of (3.77) into the LHS of (3.75) we have
d
EEAL(t) +cssDu(t) <0, V>0, (3.78)

where

Ey(t) = ||(U, U, 0,0) 5,
O Da(t) = 118, 60)l[72 + 1V, U7y + [ Usel”.
So that, for any ¢ > 0 it holds that

t
U )7 < esoe™™, and/ 6 )7z + U (-, T ) dr < cor. (3.79)
0

© 2012 Global Journals Inc. (US)
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With the help of previous estimates and Lemma 2.1, by direct calculations, we have
U7 < coz (1T 172 + 1017 + [ Tell 7).

Then the lemma follows from Lemma 3.7, Lemma 3.8 and (3.79). This completes the
proof.

i) Uniform estimate of ||(0,U)|| g
We now prove the uniform estimates of ||(6, U)| g+ in order to complete the proof of
Theorem 1.1.

Lemma 3.10. Under the assumptions of Theorem 1.1, there exists a positive constant ~;
independent of t such that for any t > 0 it holds that

t
/ (U, 0) (-, )|yedr < 2, ¥ £ 0.
0

Proof. By Lemma 2.3, Lemma 2.1 and Lemma 3.9, it is straightforward to show that
10174 < co (19172 + 16117).

(3.80)
10N < coa(I|U 7 + 101174
Since Ui|gq = 0, by Lemma 2.1 and (3.64) we have
1U %2 < cos (1Ul” + Nlpell7re + 1 U117 1ol 75 ) - (3.81)

Then the lemma follows from Lemma 3.9, (3.80) and (3.81). This completes the proof.

Lemmas 3.8-3.10 conclude our main result, Theorem 1.1.
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